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CONGRUENCES OF CURVES* 

BY 

LUTHER PFAHLER EISENHART 

In the second volume of his Le9ons DARBOuTx has considered congruences of 
curves defined by the equations, 

f(x, y, Z, a, b) = O, 4,(ex y, z, a, b)= 0, 

where x, y, z are the rectangular co6rdinates of a point on one of these curves 
and a, b are the parameters of the curves, and he has established many interest- 
ing theorems about congruences of this kind. 

In the present discussion we shall consider such congruences when defined by 
equations of the form, 

(1) t=f1(t, u, V), y= f2(t, u, v), z=f3(t, u, V), 

where u and v denote the parameters determining the curves and t is the param- 
eter which determines the points on the curve. By this method of definition 
the equations of a congruence of curves are given a form similar to that usually 
adopted in the discussions of rectilinear congruences, so that one proceeds natur- 
ally to a generalization of some of the properties of the latter. At the same 
time the curves, as above defined, are looked upon as the intersections of sur- 
faces, namely, those defined by (1), when u and v respectively are constants. 

In ?? 1, 2 we show how the theorems of DARBOUX can be established when 
the congruence is defined in this manner. Several examples are given to illus- 
trate the different theorems. 

In ? 3 we consider the problem of determiining a function 4 (u, v ) such that 
the tangents to the curves of the congruence at the points of intersection with 
the surface, defined by (1) after t has been replaced by 4,, shall form a normal 
congruence, or in the second place the ruled surfaces u = const., v = const. of 
this congruence of tangents shall be developable. It is shown that for every 
congruence a function exists which furnishes a solution to the first of these prob- 
lems, and the condition is found which the functions/, f2, f3 must satisfy in 
order that 4 may be constant. However, there does not always exist a function 
such that the second condition is satisfied. But when the curves t = const., 

* Presented to the Society February 28, 1903. Received for publication March 5, 1903. 
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u = const. on the surfaces definied by (1) when v is constant form a conjugate 
system, and when the curves t = const., v = const. on the surfaces defined by 
(1) when u is constant are likewise conjugate, l has a constant value and only 
in this case. 

It is next proposed to find a function + (u) such that all the tangents to the 
curves whose parameters satisfy the relation v = +(u) form a normal congru- 
ence. It is shown that such a function cannot be found for every congruence, 
but exists only in the case of niormal rectilinear congruences when equations (1) 
define space referred to a triply orthogonal system of surfaces. In closing ? 4 
we remark that the tangents to all the curves of a congrueince form a complex 
and we find the condition that this complex be linear. 

The formulke (1) define space referred to a triple system of surfaces t = const., 
u = const., v = const. and in the preceding sections we have considered (1) as 
defining the congruence C, of curves of intersection of the surfaces u - const., 
v = const. It is evident, however, that these equations define equally well the 
congruence C. and C, composed of the intersections of the surfaces t = const., 
v = const., and t = const., u _ const.. respectively. Therefore we say that equa- 
tions (1) define a triple congruence of curves. In ? 5 the different theorems 
and equations of the preceding sections are viewed in this three-fold light and 
several interesting theorems are established, notably that the focal surface of all 
three congruences is the same surface. The most general triply rectilinear con- 
gruence is considered and a few of its properties noted. 

In ? 6 we consider the triple congruences such that each congruence is cut 
orthogonallv by a family of surfaces, and point out the relation of this problem 
to that of solving the equations in the study of applicable surfaces. 

Finally, in ? 7, the conditions are determined which the functions f2, .1 
must satisfy in order that the three complexes of tangents be linear. 

? 1. SURFACES OF THE CONGRUENCE. FOCAL POINTS AND FOCAL 
SURFACES. 

Consider a congruence of curves defined by equations of the form 

(1) x = f1(t, , v), y=fjt,u,v), z=t (t, ,v), 

where the parameters u and v determine the curve and t a poinlt upon the curve. 
We shall assume that the functions , f2,f3 andftheirderivativesof thefirst 
and second orders with respect to these variables are finite and continuous within 
a suitable region. 

It is clear that, when f,, f2, f3 are algebraic, there pass through a given 
point in space a number, in general limiited, of curves of the congruence. For, 
when particular values are given to x, y, I, the values of t, u, v given by equa- 
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tions (1) will in general be finite in number. However, when this restriction is 
not put upon these functions, it will not be unusual to have an infinity of the 
curves through a point. As an example of this, as DARBOUX remarks, * the 
totality of tangents to a surface from points on a given curve is a rectilinear 
congruence having an infinity of lines through each point of the curve. 

If we establish a relation between u and v, say 

(2) v = +(u) 

the curves of the congruence whose parameters satisfy this relation depend upon 
the single parameter u and consequently form a surface; the coordinates of this 
surface are given by (1), when v has been replaced by P. This surface will 
evidently be changed as 4) is given different forms. With DARBOUX we shall 
call these surfaces of the congruence. It is evident that in the case of recti- 
linear congruences all these surfaces are ruled. 

The equation of the tangent plane to the surface defined by (1) and (2) is 

I n- v y - X 

i7S a3y Oz __~~~~ a 
(3) at At at -0 

a0x ax ay ay az az 
+ _-0 (utb) - + aV 0 ( U) + 6 a 

where 47, , are current coordinates and the accent denotes differentiation. 
This equation can be written in the formn 

(4) x) [(t, u) +4) (u) a(t, v) 

( Y)[t 
--- 

+ 't ( ) v)] +( ) [O(t9 U) ( v)] 

It is readily found that the anharmonic ratio of the tangent planes to four sur- 
faces of the congruence through a given curve and corresponding to functions 
01 42 0.31 04 depends only upon these functions, so that we have the theorem 
of DARBOUX: t 

For any four surfaces of a congruence containing the same curve of the 
congruence the anharmonic ratio of the tangent planes to these surfaces at a 
point is constant when the point moves along the curve. 

From (4) it is seen that when x, y, z satisfy the condition 

* LeVons, vol. 2, p. 2. 
f Lepons, vol. 2, p. 3. 
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o(Yg z) O(Z' x) a(x, Y) 
(5) ~~~~a (t, u ) a(t 6) a (t, t6) 

ao(y z) a(z,x)-a(x,y)- 
g3(t, v) @(t v) (t, v-) 

the equation of the tangent plane is independent of the function 4 and conse- 
quently is the same for all surfaces of the congruence through the corresponding 
points. This gives the theorem: * 

Upon a curve of a congruence there are points at which all the surfaces of 
the congruence through the curve admit the same tangent plane, whatever be 
the law according to which the curves have been assembled to generate the 
surfaces. 

With DARBOUX we shall refer to these points as the focal points and to their 
locus as the focal surface. In general this focal surface will consist of sheets, 
whose number will depend upon the number of focal points on the curves. 

The equation (5) may be replaced by 

Ca ey az 
at At at 

(6) aax ay az 0 (6) ~~~~~~au au au 

ax ay az 
av av av 

from which we have the relation 

ax a0x a x 
(7) --;t = - + m --- 

and similar ones in y and z. 
The equation (6) can be looked upon as an equation in t having its coefficients 

functions of u and v. When u and v are given particular values, the values of 
t satisfying this equation define the focal points upon the corresponding line. 
When equation (6) is solved for t and the various solutions are substituted in 
(1) the latter will define the sheets of the focal surface. For example, suppose 
that the congruence is rectilinear, in which case (1) can be given the form 

(8) x= a+ a2t, y= b + b2t, z= cl + c2t, 

where al, *., c2 are functions of ub and v. The corresponding equation (6) is 
a quadratic in t. When the two roots of this equation are substituted in (8), 
we have the equations of the two focal sheets. 

*DARBOUX, 1. C., p. 4. 
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? 2. SINGULAR LINES AND SINGULAR SURFACES. PRINCIPAL SURFACES. 

It is evident that the character of the functions l f2, f will determine 
whether the number of the focal points on a curve is finite or infinite. Again, 
it may happen that for particular values of u and v, that is for particular lines, 
the equation (6) will be satisfied identically so that t is indeterminate. In this 
case every point of the curve is a focal point. When such lines exist, they will 
in general be isolated; we shall call them singular lines of the congruence. 
In some cases, however, there is a continuum of these lines and consequently a 
singular surface. 

Consider for example the congruence defined by 

X_ A (a -t)" (a - ur f(a -v)P, 
(9) y =B (b - "b - )" (b -q} 

z C(C t)m (c - u) (c - V)P 

where A, B, C, a, b, c are constants. For u or v constant these formulae 
define a tetrahedral surface, so that the curves of the congruence are the inter- 
sections of two families of tetrahedral surfaces. On this account we shall call 
the congruences defined by (9) tetrahedral congruences. Substituting the above 
values for x, y, z in equation (6), we have 

(a-,4u)(a-v) (b-u)(b-v) (c-u)(c -v) 

(10) (a-t)(a-v) (b-t)(b-v) (c-t)(c-v) -0, 

(a-t)(a-u) (b- t)(b--u) (c- t)(c -u) 

which reduces to 

(11) (t-u)(t -v)(u-v)(a- b)(a- c)(b- c) 0. 

From this we see that the focal points on the line 1i = a, v = -,, where a and 
,8 are two unequal constants, are given by t = a and t = ,3; but for all the 
curves whose parameters satisfy the condition u -- v, the parameter t is inde- 
terminate, and consequently these lines are singular lines. In this case we have 
a singular surface; its coordinates are 

ac _ A (a t)"(a - f)n+Pl y = B(b -t)m(b ub)n+"+ 
(12) 

z= C(c -_ t(C )np 

Moreover, the coordinates of the focal surfaces proper have the expressions 

x = A(a - u)+n(a - v)P, y = B(b -u )m+n (b -v) 
(13) 

z- C(c_ U),n+,(C _ V)p; 

x= A(a - Wu)n(av )m+P, y= B(b -ut)(b- )tn+Pl 
(14) 

z = 
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From these three sets of expressions we see that the focal surfaces and the 
singular surface are tetrahedral surfaces. When the focal surface is defined as 
the locus of all points satisfying equation (6), it has all three of the above sur- 
faces for nappes. 

It should be remarked that every congruence defined by (9) does not have a 
singular surface, for there are certain values of the exponents which do not allow 
the equality of u and v. Such a case arises when m - n = P = I; then the 
congruence is composed of the curves of intersection of two families of confocal 
quadrics. If m, n, p be replaced by 1 in (13) and (14), the latter take such a 
form that, if the parameters be eliminated, we have the same equation for the 
surface in each case and consequently there is only one equation to define 
the two nappes. This property is common to all congruences for which 
m = n - p. 

Instead of solving equation (6) for t and substituting in (1) to get t.he equa- 
tions of the focal surface, we can look upon equations (1), (7) and the two sim- 
ilar to the latter as defining the surface. A displacement upon this focal surface 
will have for projections on the coordinate axes the expression 

dx= (Idt + du) 
9 

+ (mdt + dv) c, 
x 

and similar ones in y and z. Eliminating ldt + du and m.dt + dv from these 
three equations, we get the equation of the tangent plane to the focal surface in 
a form which in consequence of equation (7) is reducible to the equation of the 
common tangent plane to the surfaces of the congruence at a focal point. 
Hence the theorem of DARBOUX: * 

The surfaces of the congruence which contain a given curve admit the same 
tangent plane at a focal point as the focal surface and consequently the curves 
of the congruence are tangent at all their focal points to the focal surface. 

In order that there exist surfaces of the congruence which are such that con- 
secutive curves of the congruence upon these surfaces intersect .and thus have 
an envelope, it is necessary that there be a relation of the form 

(15) dv= =(u, v)du, 
such that t 

ax ay az 
At at at 

(16) at ax 
- v a 

u + V?uZ av a~u 

*1. c. p. 5. 
t PICARD, Traite d'Analyse, vol. 1, p. 294. 
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Solving for 4, we get 
a(x, Y) a(y, z) a (Z, x) 

(17) 
= (u,) = (u, tz) a(, t) 

cd(t, v ) a ( t ,v) 0(t, v) 

We have seen that the latter equalities are, satisfied only at the focal points, and 
that for each focal point there is a solution t = *(u, v) of equation (6), which 
is equivalent to the preceding equations. When such value for t is substituted 
in (17), we get a corresponding function 4 (u, v) which furnishes a solution of 
our problem. Hence we have the following theorem similar to one given by 
DARBOUX: * 

Corresponding to the focal points of a curve of a congruence there are sur- 
faces of the congruence, through the given curve, whose consecutive curves have 
an envelope. And these envelopes lie on the sheets of the focal surface cor- 
responding to the respective focal points. 

We call these the principal surfaces of the congruence. 
From this theorem and a preceding result concerning rectilinear congruences, 

it follows that every congruence of right lines has two principal surfaces and 
these are developable. 

Let us suppose that the surface defined by (1) with v = const. and passing 
through a given curve is a principal surface of the congruence. Then from (15) 
it follows that the corresponding function 4) is zero. In this case the numerators 
in (17) are zero. But these expressions are proportional to the direction cosines 
of the normal to the surface v = const. Hence along the curve on this surface 
which is the envelope of the curves of the congruence upon this surface the 
normal is indeterminate, so that this envelope is a singular line for the surface. 

An example of this is furnished by the tetrahedral congruence. Thus from 

(9) we have 

@ Z' )mnAB(a-t)"'-'(a-ur)-'(a-v)P(b-t)mt-'(b-u)nf-i(b-v)-O(u-t)(a- b) I ( t, u 
_ 

and similarly for the other Jacobians. But from (11) we have that the foci are 
given by t = u or t = v. The former makes the above zero, so that we have 
that the suirfaces v = const. are principal surfaces for the congruence and the 
curve t = u on each of these surfaces is a singular line for the surface. It is 
to be remarked that in a similar manner the Jacobians 8(x, y)/1( t, v), etc., 
vanish for t = v, so that 4) is infinite and hence the surfaces defined by (9) when 
u is constant are principal surfaces for the tetrahedral congruence, and the 
line t = v is a singular line on each surface. It need hardly be mentioned that 

* Legons, vol. 2, p. 7. 
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these singular lines, and consequently the focal points, are not always real. This 
fact is evidenced in some of the tetrahedral congruences. Thus the central 
quadrics may be defined by 

(:18) Z2= a(a- u)(a -t) =b(b-u)(b-t) Z2 c(c-u)(C-t) 
(8 2 

(a-b)(a-c) ' 
2 

- (b -a)(b-c) (c-)(c=b 

where a > b > c. From these expressions it is seen that, if the tetrahedral sur- 
faces v const. are central quadrics, the coordinate y of points on the line t = u 
are imaginary. 

? 3. CERTAIN RECTILINEAR CONGRUENCES ASSOCIATED WITH 

CONGRUENCES OF CURVES. 

When the formulae (1) define space referred to a triply-orthogonal system of 
surfaces, the curves of the congruence under discussion are the intersections of the 
surfaces u = const., v _ const. of the system. Since the surfaces are triply-orthog- 
onal, these curves cut the surfaces t - const. orthogonally and consequently the 
tangents to. these curves at the points of intersection with one of the surfaces 
t = const. from a normal congruence. Furthermore, the curves u = const. and 
v = const. on this surface are the lines of curvature and therefore the ruled sur- 
faces u = const., v = const. of this congruence of tangents are developable. This 
suggests a two-fold problem of which the preceding case is a solution: To 
determine, when possible, a function 4 (u, v) such that if tangents be drawn to 
the curves of the congruence (1) at the points where they are met by the surface, 

(19) {=A (O U, v), 'I -f+ ,V) - U, V), 

10 these tangentsform a normal congruence; or 
20 the ruled surfaces u = const., v = const. are developable. 
The direction-cosines of the tangent to the curve whose coordinates have the 

expressions f1( u0, vo , t) ( v0, t)s f( uo, v., t) are equal to 

a9f1 ~t cIJf3 

(i2Ia at at 

From the theory of rectilinear congruences we know that the necessary and 
sufficient condition that the congruence of tangents be normal to a surface is 
that * 

d +da-' [(ati) 

* BIANcHI, Lezioni, p. 256; German edition, p. 268. 
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where I is the distance from the point ( , x1, 4) to the point where the line cuts 
an orthogonal surface. If we put 

af, ~f1? 
(21) ~ (at i) at aut 2' 1 at a v 3 

the above expression takes the form 

(22) Tldt+ T2du+ T3dv?+ VJ dl= 0. 

When, in particular, the surface defined by (19) is orthogonal to the conigru- 
ence the above equation reduces to 

(23) dt? T2du+T3dv =0. 

Any function t = (u, v) which satisfies this equationl gives a solution of our 
problem. In order that 0 may involve an arbitrary constant, that is, in order 
that there may be an infinity of surfaces cutting the congruence in such a way 
that the tangents to the curves at the points of intersection are normal to the 
surfaces, it is necessary and sufficient that the functions T1, TR, T3 satisfy iden- 
tically the equation * 

(24) ( - ) + 2 at V ) +at) 

This is the condition found by BELTRAMI to be the necessary and sufficient con- 
dition that the curves be cut orthogonally by a family of surfaces. 

We will consider now the general case given by equation (22). Replace t by 
4(u, v); then the quantity 

%4[(~T2?+ 'T )d ?Q 3?+ sT dv] 

must be an exact differential. Expressing this condition we get the equatioll 

(TaJ 2TarT Ta )a (2TaOTT2TaTlTai 
eVs at at IOU at Au t I At O l V 

(25) a aT 
T2'2T-3--2a~ + (2TI T -2 a-2 T, 0- 3@I)=O. 

Hence, given any conigruence whatever, a function 0 can be found which fur- 
nishes a solution of the problem. And the orthogonal surfaces are given by the 
equations 

x= + f / ; / 1 a: whr l is gotn b qarte from Z= H w hv T t r 

where I i,s given by quadrature fromn (22). Hence we have the theorem: 
* FORSYTH, Treatise on Differential Equations, p. 251. 
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Given any congruence whatever, there is an infinity of surfaces which cut 
the curves in points such that the tangents to the curves at these points form a 
normal congruence. The family of surfaces is given by the integration of a 
partial diferential equation of the first order and the orthogonal surfaces by 
a quadrature. 

From equation (25) it follows that the necessary and sufficient condition that 
the surfaces t = const. furnish a solution of the problem is that the functions 
?1, T2, R3 satisfy the equation 

TI I T2___3aSat' 

(26) 2T1 < 2 a' - 2T + T3- a I 0. av D v au 3u5 u 

It is evident that to this class belong the curves of intersection of triply- 
orthogonal surfaces; they correspond to the solution T2= T3= 0. 

We proceed now to the second part of the problem. The rectilinear congru- 
ence of tangents is given by 

(27) x = +p , y =)+ pat2 Z g + p 

Comparing these expressions with (8) and recalling (17), we find that the neces- 
sary and sufficient condition that there exist a function 4 ( u, v) such that the 
developables of the congruence (27) be given by u = const. and v = const. is 

a2fa2 f2f a3f a2 a2f 
at2 at at2 atau atau atau 

(28) Icf1 af2 Oa f3'aa++ af, af2 CIa 0=0 (28) ~~ ~a at at a at at at 
aOf aX2 af3 af af2 af3 
au au au au au au 

and 
a2f a2fa2f a2f a2f a2f 

at2 at2 at2 at v atav atav 
Oaf, f2 afa a f 1 af2 af3 

(29) ~ t ~ a+ at -=0. 
aft a at af3 atf aft aft 
av av av a, av av 

From these expressions for a 4/au and a4/av it is evident that the condition 
of integrability is not satisfied by every congruence. Since this condition of 
integrability inivolves the three functions f1 ,f2 ,f3, two of the latter can be 
chosen arbitrarily and the determination of the third requires the integration of 
a partial differential equation of the third order in three variables. When this 
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condition is satisfied, (P is found by a quadrature, and, as it involves an arbitrary 
constant, there will be an infinity of surfaces furnishing a solution of the 
problem. 

We have remarked that, when the formulse (1) define a triply orthogonal sys- 
tem of surfaces, a solution of the above problem is given by 

t = 4 = const. 

From (28) and (29) we have that the necessary and sufficient condition that 
the congruence admits this solution is that fl, f2, f3 are particular solutions of 
equations of the form 

a 0 D a 80 

(30) 
a28 De 08 

At-av + a 2Tt + b2VV 
= o. 

Hence the necessary and suficient condition that the tangents to the curves 
defined by (1) at their intersections with a surface t - const. form a congru- 
ence for which the ruled surfaces u = const. and v = const. are developable is 
that theparametric curves on the twofamilies of surfaces defined by (1), when 
u and v respectively are constant, fornm a conjugate system.* 

From (28) and (29) it is seen that for any value whatever of 4) to satisfy the 
conditions of the problem fl, f;, f3must satisfy, in addition to the equations 
(30), two equations of the form 

a2d ao aG 
de t+ a,-Zt + 81 vu = ? 

820 a0 86 
-b2 + a2 at+ 182 

a 
= 0. 

This shows that the curves u = const. on the surfaces v = const. and the curves 
v = const. on the surfaces u = const. must be asymptotic, that is the curves of 
intersection of these two families must be asymptotic for both surfaces. This 
can be satisfied only by these lines being rectilinear, so that the congruence is 
rectilinear. Hence the only case where 4 can be chosen at will is the evident 
case where the triple system is formed of the two families of developables of a 
normal congruence and the surfaces normal to the latter. 

* Two curves upon a surface are said to have conjugate directions at a point, when their tan- 
gents are parallel to conjugate diameters of the Dupin indicatrix for the point. A double family 
of curves forms a conjugate system, when the two curves through any point of the surface bave 
oonjugate directions at the point. The necesary and sufficient condition that a parametric sys- 
tem be conjugate is that the point equation be of the form (30). 



1903] L. P. EISENHART: CONGRUENCES OF CURVES 481 

? 4. NORMAL RECTILINEAR CONGRUENCES AND LINEAR COMPLEXES 

ASSOCIATED WITH CONGRUENCES OF CURVES. 

We propose now the problem of finding a surface S of the congruence, given 
by a relation of the form v = 0 ( u ), such that the tangents to the curves satis- 
fyiing this relation form a normal congruence. This is equivalent to saying that 
the curves it = const. on this surface are geodesics. The linear element of S is 

_S2 dt2 +_ aftfl + aft'afl ddv (afi + af d2 (IS2-~(~)2 dt +2 (1 -at am1 d + Iv 1-ku-+ a)du, at Cu ~~~~at aVau e 
where the prime denotes differentiation. The necessary and sufficient condition 
that the lines it = const. be geodesics is * 

aF aE aE 
(31) 2Et -F -E -o6 2Eat -Fat Eau 
where, as usual, E, F, G are the coefficients in the expression for the linear 
element of the surface. When the above expressions are substituted in this 
equation, we get the condition 

EfiafiE a12 2 O at E fa2 
at au at at2 At U At 

(3_) 2 ( i6) = 2 Of E 2fi afl 
2 a aft 

\ At a V a3 Et2 a3t a3t3v eV t e3V at a3t 

From this expression it follows that for the existence of a function 0 satisfying 
the condition of the problem it is necessary and sufficient that the right-hand 
member of this equation be a function of u alone or a constant; moreover, 
when this condition is satisfied, b is given by a quadrature. It is readily seen 
that this condition is not satisfied in general, so that every congruence does not 
furnish a solution of this problem. 

WXe note that this condition is satisfied when 

a2j' a2f2 03f 
at2 at2 at2 

that is, when 
(33) x= a,?a+ a2t, y=bl + b2t, z= cl + c2t, 

where a,, a, * ..*, C2, are functions of u and v; this congruence is evidently 
rectilinear. Let a2, 9b2' c2 satisfy the condition 

a2 + b2 + c2 = 1, 

and consequently be the direction-cosines of the lines. When this fact is noted in 
(32) we find that 4'(u) is indeterminate. This is what should be expected; for, 

*BIANCHI, Lezioni, p. 146; German translation, p. 150. 
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if v be replaced by any function of u in (33) the latter define a ruled surface 
and consequently the lines u = const. are geodesics. 

Again, we remark that when the congruence is given by a triply-orthogonal 
system the equation (31) reduces to 

aEu 

so that E is a function of t alone. From this it follows that the parameter t 
can be so chosen that we have 

E = I ~1. 

In this case the square of the linear element on the surfaces v = const. and 
u = const. would take the respective formns 

ds2 = dt2 + xdU2, 

ds2 = dt2 + ,udv2, 

where X denotes a function of t and u, and /i a function of t and v. Froin this 
we see that the intersections of the surfaces u = const., v = const., that is the 
curves of the congruence, would be geodesics on both surfaces, which is possible 
only in case these curves be rectilinear.* Hence the only triply-orthogonal system 
furnishing a solution of this problem is composed of the developable surfaces of 
a normal congruence and the orthogonal surfaces. 

We have incidentally from the preceding discussion: 
A family of surfaces of MONGE t cannot form part qf a triply-orthogonal 

system unless the other surfaces are the developables qf the normals to the 
former. 

The totality of the tangents to the curves of the congruence (1) is a complex. 
If the equations of a line in this complex are given in the PLUTCKER forln 

btz - cy= p, cx - az= q, y-bc =r, 
we have 

aI<9/l, b af2 Af3 a t' - a t' car 

P =At at -*2Ctn qfl af-t3Gt v =2 aft-g e2 

The necessary and sufficient conditioni that this complex be linear is that there 
exist six constants al, bl, cl, aj, 31, ry , such that the equation 

*BIANCHI, Lezioni, p. 206; German translation, p. 214. 
t DARBOUX, Leqons, vol. 1, p. 103. 
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(al- 13f+ f2) 2t + (bl - 7f1- + a1f3) , - 

(34) 

+ (c, C a'.t + a ) -at 
0 ? 

is satisfied identically. From this we see that given any six conlstants anid two 
functionsf2, f3, the determination of fl, so that (1) defines a congruence whose 
tangents form a linear complex, requires the integration of a linear equation. 

? 5. TRIPLE CONGRUENCES. 

We have retnarked that the equations (1) define three congruences Ct C1, Cv, 
according as t, u anid v are considered as the parameters of points on the curve. 
Since equation (6) is symmetrical with respect to t, u, v, it follows that this 
equation holds for the congruences Ct and Cv as well as for Ct. Recalling the 
interpretation of this equation, we have the theorem: 

In any triple congruence of curves the focal surface. is the sane for all three 
congruences. 

Consider a point M of the focal surface and the curves ], rX, PV through 
this point. All the surfaces of the congruence Ct through J't are tangent to one 
another and the focal surface at X11; likewise for the surfaces of the congruences 
Cu and CG through P,' and PV respectively. Hence: 

All the surfaces of the three congruences through the respective lines. qf these 
congruences meeting the focal surface in the same point are tangent to one 
another and the focal surface at the point. And these respective lines are all 
tangent to the focal surface. 

The most general triply rectilinear congruence is defined by 

x (aluv + /31u + ylv) + (a,uv + blu + c1v + dl)t, 

y _ (4UV + 1832U + Y2v) + (a2uv + b2u + c2v + d2)t, 

z (a3uv + /33U + 73v) + (a3uv + b3u + C3V + d3)t. 

We have shown elsewhere * that these lines are the intersections of a triple 
system of hyperbolic paraboloids and furthermore that they furnish the only 
example of a triple system of surfaces cutting one another along asymptotic 
lines. In consequence of the above theorem we have the following: 

In a triply rectilinear congruence the three lintes through a point on the j/bcal 
surface lie in a plane-the tangent plane to the focal surface at this point. 

Consider now a singular line of Ct . Then for u = a, v = 13, where ( a, ,3) 
determine the singular line, the equation (6) is independenit of t. For the con- 

*Bulletin of the American Mathematical Society, ser. 2, vol. 7, p. 303. 
Trans. Am. Math. Soc. 32 
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gruence QX the point of parameter u = a on every curve of the congruence lying 
on the surface v = /8 is a focal point and therefore the singular line of C, lies on 
one of the focal sheets of Cu. We have then this theorem: 

The singular lines of any congruence lie on the focal sheets of two other 
congruences which form with the first a triple congruence. And when one of 
these congruences has a singular surface, it is one of the sheets of the,focal 
surfaces of the other congruences. 

For example, we consider the triple tetrahedral congruence defined by (9). 
The singular surfaces of Q, and C( are given by (14) and (13) respectively, and 
the focal sheet by (12), (13) and (12), (14), respectively. 

From the preceding results it follows that the focal surface must be looked 
upon as comprising the singular lines and singular surfaces, if the theorem to 
the effect that the focal surface is the same for all three congruences is to be 
perfectly general. Hence, if Ct has isolated singular lines which do not lie on 
the focal sheets, C and Uv will have curves for some of the focal nappes. 

AVe have seen that the necessary and sufficient conidition that the tangents to 
the curves of C, at the points of intersection with a surface t = const. form a 
congruence for which the ruled surfaces u, = const. and v = const. are the devel- 
opables is that the parametric lines on the two families of surfaces, defilned by 
(1) when u and v respectively are given constant values, form conjugate sys- 
tems. Similar results are true for CU and C. Moreover, the conditions that 
CQ and Ct possess this property carry with them the conditions for Cu. In 
consequence of this we have the theorem: 

The necessary and s,fficient condition that the tangents to the curves of 
intersection of any two families of sulfaces of a triple system at the points of 
intersection with a surface of the third family form, a rectilinear congruence 
whose developables ctut the surfaces of the third family in the same curves as 
thefirst two families of sur'faces is that the systemn be triply conjugate. 

It is well known that on the tetrahedral surface defined by 

x = a(a - u)m(a _V)n y= /3(b- u)m(b_)nf Z=7(C_-U)m_(c V), 

the curves u = const., v = const. form a conjugate system. Hence the triple 
tetrahedral congruences (9) possess the property referred to in the above theorem. 

? 6. TRIPLE NORMAL CONGRUENCES OF CURVES. 

We have found the conditions (24) which the functions.f,, f2, f3 in (1) 
must satisfy in order that there may exist a family of surfaces cutting the curves 
of the congruence Ct orthogonally. Similar conditions must be satisfied for the 
same to be true of CU and C ,. 
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Thus, we put 
aax aDx ax 

(35) = I ___ au auAt' 2 ' I3-Ua 

and 
aox axax (x OX\2 

(36) =a= E at a 2 aV am ' 

The equations for the determination of u = X(t, v) and v = *(t, u) giving 
orthogonal surfaces are 

Uldt+ U2du+ U3dv=O, 

VKdt + Vdu + V3dv =O, 

and the conditions that the integrals involve an arbitrary constant are 

(37) {au au ~ Jau a U> ~aU 10 au - 
(37 ,eV a!u, 2\ ata Ov}? U3~a au lt1 

(38) ( av am- ) ? a a-- ) + (au at t 

Comparing (21), (35) and (36), we note that 

(39) (T ' V_T3 2 3 

We see then that the three equations (24), (37) and (38) must be satisfied 
simultaneously in order that each of the congruences have a family of surfaces 
cutting them orthogonally. 

The first of these equations is satisfied by 2= 173 = O, and from (23) we 
have that for this case the surfaces t = const. cut the curves of C, orthogonally. 
In consequence of (39) we have that equation (37) also is satisfied when U3 is 
zero and then the surfaces u = const. cut the curves Qu orthogonally. When 
these conditions are satisfied, equation (38) vanishes and the surfaces orthogonal 
to QX are v = const. From this we have that the congruences in this case are 
given by the intersections of the surfaces of a triply orthogonal system. 

Again we note that these equations are satisfied by 

Tl = 72 =3- = J ,= U 3 = Ij. 

But in this case the linear element of space is a perfect squiare and hence the 
surfaces t = const., u = const., v = const. are developables circumscribing an 
imaginary circle at infinity.* 

The equations of conditions are also satisfied, when these six functions satisfy 
the eight equations: 

* DARBOUX, Lepons, vol. 1, p. 148, footnote. 
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iT2 3z[ a U3 aT3 ar1 a1 aT T2 au& e&,3 

av Au at at av' -u Eat' av O' 

a 2 la 2 _3 eV3 V3 OT2 

Au Aat' av au at a V 

A solution of these equations is given by 

7T=f(t), U2= c(u), 3 #(v), T2=av+b, 3 L aKt + C, 

Q= at + d, 

where f, 0, ' are arbitrary functions anid a, b, c, d are arbitrary conistants. 
The surfaces orthogonal to the congruence Ct are given by (1), when t is re- 
placed by a functionl of auv + bu + cv + e, the form of the function dependinlg 
upon f; similarly for the surfaces orthogonal to the congruences U; and CU. 

It is readilv found that the above equations are satisfied also by 

T2 Pju, t), T3 F2(V, t), U3= FT(1, V), 

U2 
_ 3dV+ f dt + d+ (U), 

f ~9-dt + dvI+ 7Idu + +(t), 

V3 
--- -- _2dt + C3d + W(V), 

where F;, F2, F3, co, , @, are arbitrary functions. As in the precedinig case 
the orthogonal surfaces are given by quadratures, but the operations are far less 
simple. 

But after a system. of functions satisfying the above equations of condition 
have been found the determination of the corresponding congruence requires the 
solutions of the equations 

( 2t ) ' E( aa)2 ex -v 

Oa~x 77 axax 77 xax 
Tw@ 

w@ T E 
u , 

at a(t 21 at eV 3' a- UV 3 

This determination is seen to involve as a particular case the problem of finding 
all surfaces with a given linear element, so that olle realizes the difficulties 
which arise in a general solution of this problem. 
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? 7. TRIPLE LINEAR COMPLEXES. 

We have found that when the functions f1,f ,f3 satisfy an equation of the 
form 

(40) (a1-/31f,3+jf2) Nl + (b 1- -1f + alf3)-f- + (c - alf2 + 3f= 0, 

where a1,* *, "e are constants, the complex of the tangents to the congruence 
Ct is linear. In like manner for the complexes of tangents to the curves of C 
and CU the following equations must be satisfied: 

(a2 / 1823 + 72f2j) + (b2- 72f1 + a2f3A) 
(41) 

+ (C2 - a,,2 +82Ai)-U ? t 
and 

(42) (a3 -3A + 73A) + N 73tti + a3A) -- 

+ ( C3--Ya332 + a33 ) c- ? 
where a2 *' Y. ,t are constants. 

The equiations (40) and (41) may be written in the form* 

(43) at- Pif, + Q= au 2fl + Q21 

where 

'Y' I9 
_ at nf (bD + a1f3) + (cl a f2) af 

al = --,A Q+ -- al 181A; + 71Af 
and similarly for P2 and Q2. Expressing the condition of integrability of (43) 
and making use of the same in the reduction, we have 

(ap PI ap2 PQ22 1al a Q2 =0, 
( @f-- t )fl + (PI Q2 -P2 Ql +au d) au at at~? 

or for the sake of brevity, 
(44) Lf? + m1 = 0. 

Three cases arise for conisideration according as f2 and f3 do or do not satisfy 
the two partial differential equations 

L1= , 31 0. 

* The cases where any of the coefficients of the differential quotients in the above equation 
vanish are of no interest and will be excluded. 



488 L. P. EISENHART: CONGRUENCES OF CURVES 

If both of these equations are satisfied, we have simply to determine f1 from 
(43) by quadratures and then the tangents to the congruences C6 and Gq form 
linear complexes. 

If Ml = 0, but L1 * 0, the complexes are not linear for any expression of 

fl; also for the case L1= O, Al O. 
Finally, if both L1 and Ml1 are not zero, the necessary and sufficient condition 

that the two complexes be linear is that f2 and f3 satisfy the partial differential 
equations of the third order 

1 P , P21 

At L] -Li OQu a LI L 
and in this case we take - MX/LI for fl. 

In order tha,t all three complexes be liniear we must have (43) and 

_-= - P3,fl + Q3, 

where the forms of P3 and Q3 are readily found. Now the conditions of integ- 
rability are (44) and two other equations of similar form which we shall write 

L2f? + 32 ?,- L3f + 3 O=0 

Considerations similar to the preceding show that for all three complexes to be 
linear the functions f2 and f3 must satisfy six partial differential equations. 
Since the above results hold alike for fl, f2 and f3, we have the theoremn: 

Associated with every triple congruence of curves there are three complexes 
of straight lines formed by the tangents to these curves. For one of these 
complexes to be linear two qf the functions fl, f2, f3 may be chosen arbitrar- 
ily and the third is found by quadratures; for two of them to be linear it is 
necessary and suffcient that two of the functions satisfy partial diferential 
equations of the second or third orders and the third function is determined 
by quadratures or directly; and, finally, for all three to be linear twvo of the 
functions must satisfy six partial differential equations of the second or third 
orders and the third follows as above. 

PRINCETON, January, 1903. 
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